Hamilton-Jacobi theory is a fundamental subject of classical mechanics and has also an important role in the development of quantum mechanics. Its conceptual framework results from the advantages of transformation theory and, for this reason, relates to the features of the generating function of canonical transformations connecting a specific Hamiltonian to a new Hamiltonian chosen to simplify Hamilton's equations of motion. Usually, the choice is between and a cyclic depending on the new conjugate momenta only. Here, we investigate more general representations of the new Hamiltonian. Furthermore, it is pointed out that the two common alternatives of and a cyclic should be distinguished in more detail. An attempt is made to clearly discern the two regimes for the harmonic oscillator and, not surprisingly, some correspondences to the quantum harmonic oscillator appear. Thanks to this preparatory work, generalized coordinates and momenta associated with the Hamilton's principal function (i.e., ) are used to determine dependences in the Hamilton's characteristic function (i.e., cyclic ). The procedure leads to the Schrödinger's equation where the Hamilton's characteristic function plays the role of the Schrödinger's wave function, whereas the first integral invariant of Poincaré takes the place of the reduced Planck constant. This finding advances the pedagogical value of the Hamilton-Jacobi theory in view of an introduction to Schrödinger's wave mechanics without the tools of quantum mechanics.
I. INTRODUCTION
Hamilton-Jacobi theory is very well known for being one of the main subjects of classical mechanics. Its popularity is largely due to an equation, the so-called Hamilton-Jacobi equation, that condenses many advantages of the theory of canonical transformations into a concise mathematical description of mechanical problems. The basics of this approach are available in many textbooks and synopses used to teach advanced classical mechanics. To name some relevant sources, it is common to refer to the popular textbook by Goldstein and coauthors 1 and to the volume dedicated to mechanics in the Landau & Lifshitz series 2 as the main resource books for students. Excellent material, prepared for specific courses, is also available on-line. 3 Not to name other textbooks that present the Hamilton-Jacobi approach with sufficient depth. [4] [5] [6] [7] [8] Despite the large availability of information about the subject, a brief description of Hamilton-Jacobi theory is given here to ease the understanding of the argument put forward in this work.
Readers who are familiar with the conceptual elements leading to the Hamilton-Jacobi equation can actually skip this introduction.
The starting point is represented by the canonical transformations that are summarized below setting and replacing the old momenta with the corresponding derivatives of appearing in Eq. (5) . But, to complete our short summary, we conform to the broadly accepted notation that employs the capital letter to indicate the solution of Eq. (6), namely . Thus, defines the socalled Hamilton's principal function and, in the end, the Hamilton-Jacobi equation reads This is a non-linear partial differential equation of the first order whose solution seems to be a function of the old coordinates and time only. Remarkably, the other variables (new momenta ) of do not appear in Eq. (7) . However, we expect to find a method to identify them (or some functions of them).
The choice of equating the new Hamiltonian to zero has some other consequences beyond Eq. (7) . For instance, it determines a nice and significant result for the total time derivative of the For the sake of our argument, it is important to underline that Eqs. (7)-(11) are all consequences of the arbitrary choice established by letting the new Hamiltonian be zero. The choice is so peculiar that, in this work, we first examine some concerns emerging from this customary approach to Hamilton-Jacobi theory (Section II). We might also ask the question whether we expect some changes in the Hamilton-Jacobi theory if we make use of other conditions on the transformed Hamiltonian of time-dependent problems (Section III). For time-independent problems, we try instead to formulate the Hamilton-Jacobi method without the initial distinction between and . This attempt is conceived for the purpose of an unitary presentation of the method (Section IV). The special features intrinsic to the choices of and are finally analyzed with reference to the Hamilton's functions (i.e., ) and (i.e., cyclic ) of the harmonic oscillator (Section V). These special features emerging in both Hamilton's functions point to a direct connection with quantum mechanics. For this reason, the second part of this work is aimed at defining this connection. The conceptual tools, based on the distinction between and , are first developed for the free particle and an equation is obtained where the Hamilton's characteristic function emulates the Schrödinger's wave function, whereas the first integral invariant of Poincaré replaces the reduced Planck constant (Section VI). The same procedure is applied to the harmonic oscillator (Section VII) and finally extended to broader physical contexts (Section VIII).
II. QUESTIONS REGARDING THE TRANSFORMED HAMILTONIAN
The conventional Hamilton-Jacobi approach summarized above might raise doubts about the general value of the choice . First of all, with reference to a generic time-dependent Hamiltonian , the constraint that the transformed Hamiltonian is identically zero clashes apparently with the physical meaning of a mechanical system whose energy changes in time in one (inertial) reference frame and, conversely, is constantly zero in another reference frame. In other terms, if we have a non-conservative system and are able to find a canonical transformation so that the transformed energy of the system cancels out, then the new coordinates and momenta might not be all constants of the motion in remarkable contradiction with Eq. (2). On the other hand, if it were possible, it would appear that the nature of the system has changed by virtue of the canonical transformation. This scenario sounds strange. Before the transformation, the physical system undergoes loss and/or gain of energy in direct and explicit dependence on the time variable. After the canonical transformation, we have a conservative system whose Hamiltonian is now constant in time, although equal to zero. This sort of change seems so peculiar.
Strange as it may seem, let us examine one conventional program laid out by some authors 1,3,4 to justify the introduction (and the powerful beauty) of the Hamilton-Jacobi method. It is suggested that the new constant variables and satisfying Eq.
(2) for might be the initial values and of the old coordinates and momenta so that Eq. (3), with the substitution and , provides the actual solution to the motion. Despite the undoubtedly attractive perspective, the suggestion is prone to arbitrariness. As a matter of fact, we have to solve Eq. (7) and its general solution is (see the footnote on page 148 of Ref . 2) where is a particular solution to Eq. . 5 In other terms, if the suggestion was acceptable, then the Hessian condition would not be obeyed.
Even though we neglected the problem mentioned above, we would encounter another impediment in the application of the Hamilton-Jacobi method based on the equivalence between the new variables and the initial conditions applied to the old variables. With reference to the more common time-independent problems, the suggestion (even in a loose hypothetical sense!) of the identities and to exemplify the usefulness of the method is totally incorrect. Clearly, this fact contradicts the assumption of . The contradiction is so remarkable that the absence of a comment in the traditional literature is incredibly surprising. To the best of our knowledge, an exception is for the book of Sussman and Wisdom (see page 413 of Ref.
6). Therefore, for those cases where the Hamilton-Jacobi method is actually applied (i.e., physical systems of constant energy), the simplest choice of and cannot be made.
Another concern appears when we deepen the meaning of the choice made for timeindependent problems. These are characterized by the constant value of the energy, that is
In this circumstance, the conventional approach assumes that the transformed Hamiltonian is again equal to . This option has become a commonplace in Hamilton-Jacobi theory and it is a cornerstone that is firmly stated in several texts and reviews (for example see Ref None of the reported concerns affects the validity of the Hamilton-Jacobi equation that remains a tool of great value. To show this in view of a strong connection with quantum mechanics, we first make an attempt to briefly revise Hamilton-Jacobi theory considering possible changes to address the concerns discussed above. The objective is to seek simple ways to generalize Hamilton-Jacobi theory without alteration to the consistent structure that supports the Hamilton-Jacobi equation whose solution will be later examined for different examples of physical problems to disclose a new connection to Schrödinger's wave mechanics.
III. EFFECT OF TIME-DEPENDENT TRANSFORMED HAMILTONIANS ON

HAMILTON-JACOBI EQUATION
For time-dependent Hamiltonian , a less stringent condition than is represented by an explicit time dependence in the transformed Hamiltonian
The idea is taken from Arnold 7 who hints at the possibility without facing the difficulties inherent in the explicit time dependence of (see page 260 in Ref. 7) . The original suggestion is made in view of a Hamilton's principal function that depends on and coordinates. Here, we have adapted that suggestion to the more usual argument of . Note, however, that in Eq. 
IV. EFFECT OF TIME-INDEPENDENT TRANSFORMED HAMILTONIANS ON
HAMILTON-JACOBI EQUATION
For a time-independent Hamiltonian , the conventional approach revolves around the search for a transformed Hamiltonian cyclic in all the coordinates. where the energy difference replaces the original energy .
Once again, we have to find the generating function of the transformation. This is calculated from the energy conservation where the dependence on the momenta has been replaced by the derivative of in agreement with Eq. (5) . We observe that Eq. about Hamilton's functions will reveal aspects of classical physics that hint at a connection to quantum physics. To purse the goal in a practical way, the best pedagogical example is the onedimensional harmonic oscillator that is treated next.
V. APPLICATION TO THE ONE-DIMENSIONAL HARMONIC OSCILLATOR
For its crucial relevance in physics, the one-dimensional harmonic oscillator represents a paradigmatic problem that serves, at the same, the purpose of illustrating the Hamilton-Jacobi technique for solving the motion of mechanical systems. The one-dimensional harmonic oscillator is also very instructive to grasp the technical differences between the two Hamilton-Jacobi methods ). This difference has some consequences when we look for the overall time dependences of and that are rewritten as
The two functions are plotted in Fig. 1 for (note that the letters for the two Hamilton's functions have been changed to take into account the different functional dependences in comparison to the original dependences of and ). Normalization on both axes is used. Fig. 1 ).
The interest resides in the fact that a constant value for the Hamilton's principal function has a precise mechanical meaning when the wave interpretation of is recalled. 4, 8, 9 Indeed, the spatial derivative to the curve defined by (or the gradient applied to the surface in case of multi-dimensional configuration spaces) provides the direction of the motion and we do not lose the general meaning of our reasoning if we limit the analysis to the constraint of occurring at . We will see soon that such a constraint will be the key to 
VI. CORRESPONDENCE WITH WAVE MECHANICS OF THE FREE PARTICLE
The intriguing properties of the Hamilton's characteristic function (or its time-dependent version ) calculated for the harmonic oscillator are stimulating and might be the sign of a stronger correspondence with wave mechanics. Before trying to search for such a correspondence, let us summarize the basic Hamilton-Jacobi machinery that might be useful to make this stronger correspondence emerge. We start with the simplest example of a free particle. The treatment of the harmonic oscillator is instead postponed until next Section. 45) and (46). This means that there exists a general equivalence between the free propagation and the harmonic oscillator provided that the equivalence is limited to the condition of constant Hamilton's principal function (that is, wave fronts characterized by ). This equivalence is striking because the harmonic oscillator is characterized by a force that is totally absent for the free particle. On the other hand, we are accustomed to hearing that free-particle behavior is intertwined with oscillatory (or wavy) behavior (one example among many is the Young's experiment with single photons or electrons). Here, the equivalence established between Eqs. (45)-(46) and Eqs. (55)-(56) gives the ground for some insight into the connection between free propagation and oscillators.
The finding has, indeed, an immediate consequence. We can repeat the same procedure leading to Eq. (51) except for the substitution of the linear momentum according to and, in the end, we have that establishes the sought correspondence with wave mechanics. Once again, the fact that we have in place of is not disturbing in that we are dealing with a classical problem. In both cases, the representative parameter, or , acts as a constant regardless of its numerical value.
Despite the result of Eq. (57), the presence of the factor is problematic. It can be suppressed though! It disappears when we consider a two-dimensional harmonic oscillator described in general by the following Hamilton-Jacobi equation
The conventional solution to Eq. (58) is based on the separation of variables so that two independent Hamilton-Jacobi problems are defined after the energy splitting 
VIII. GENERAL CORRESPONDENCE WITH WAVE MECHANICS
The examples examined in the previous sections introduce the question of whether the correspondence with wave mechanics is more general than the cases of a free particle and a harmonic oscillator. Reviewing the procedure that supports the correspondence, the key role is played by the equation The findings contain in this work make the quantum-classical correspondence between Schrödinger's wave mechanics and Hamilton-Jacobi theory much stronger than before and suggest that the Schrödinger's wave function might be interpreted as the generating function of the canonical transformation that connects variables in the real phase space to the transformed variables that have as the constant angular momentum associated with the choice of an identically zero transformed Hamiltonian. Additional work is planned to extend the ideas laid out here to mechanical problems of higher spatial dimensions.
